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Topics 

•  Trajectories 
–  Convergent 
–  Divergent 
–  Cyclic 

•  Fixed points 
•  Time escape algorithm (TEA) and Julia sets 
•  Mandelbrot set and Julia sets 
•  Fractal dimension 
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Objectives 

The objectives of the lesson are: 
•  Discuss different kinds of iterative (i.e. numerically) calculated 

trajectories and their behavior. 
•  Explain term fixed points and their relation with trajectories. 
•  Demonstrate Time escape algorithm (TEA).  
•  Show how Julia sets can be visualized by means of TEA. 
•  Discuss relations between Mandelbrot set and Julia sets. 
•  Explain basics of fractal dimension. 
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Julia Sets and TEA 

•  Julia sets are the boundaries between the points from which 
trajectories escape to infinity and the points whose trajectory is 
limited and therefore converges to some fixed point (or circular 
trajectory).  

•  During the construction of iterative procedure it is used on the 
selected function with that evaluates the quality of iterations 
resulting trajectory.  

•  These can be divided into bounded and unbounded trajectories. 
Bounded trajectories are those that meet the session, others are 
unlimited: 

( )  ,    where   ,  .nf z M M R n N+< ∈ ∀ ∈
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Julia Sets and TEA 
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Julia Sets and TEA 

•  The trajectory may be periodic or convergent.  
•  Periodic trajectories - or cycle - one of the following applies 

•  Trajectory during the iterations near the fixed point is convergent. 
For convergent trajectory must be valid following: 
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Julia Sets and TEA 

•  Another trajectories... 
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Julia Sets and TEA 

•  Julia sets can be continuous, discontinuous or totally discontinuous. 
This is determined by the nature of the critical point (finite critical 
point), which is determined by the following condition: 

!
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Julia Sets and TEA 

•  The character then helps determine the trajectory of colorful fractal 
- Julia sets. 
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Julia Sets and TEA 

•  The character then helps determine the trajectory of colorful fractal 
- Julia sets. 
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Julia Sets and TEA 

•  Use formula zn+1 = z2
n + c 
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Julia Sets and TEA 

•  Mandelbrot set can zoom in forever and always will be cropping up 
more and more structures ... 
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Julia Sets and TEA 



navy.cs.vsb.cz	  15	  

Julia Sets and TEA 

•  Areas of attraction in Julia sets can generate complex patterns 
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Julia Sets and TEA 

•  Areas of attraction in Julio sets can generate complex patterns 
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Julia Sets and TEA 

•  Areas of attraction in Julio sets can generate complex patterns 



navy.cs.vsb.cz	  18	  

IFS and TEA 

•  Under certain circumstances, to convert from the TEA IFS fractals. 
Examples of such conversion are Sierpinski triangle, or so-called 
Christmas tree. 
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IFS and TEA 

•  Mandelbrot set - an endless 
source of fractals. If you 
type in the equations 

zn+1 = z2
n + c 

•  Substitute for the parameter 
c, complex numbers and let 
it iterate long enough, then 
we obtain substantially 
different, but equally 
beautiful fractal patterns ... 

•  For parameter c chosen to 
create fractals herein 
numbers were selected 
from the position the arrows 
show. 
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Fractals: Mandelbrot and Julia Sets 
Examples 

•  Demonstration program in Mathematica is accessible at website  
http://www.ivanzelinka.eu/hp/Vyuka.html . 

•  To run demonstration you need to download and install program 
http://www.wolfram.com/cdf-player/ . 

•  Follow instruction in selected demonstration program. 
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Fractal Dimension 
Smooth Objects 

•  Chaos theory and related fractal geometry are relatively young 
disciplines.  

•  Their formation contributed significantly to computer science. They 
have been developing since 1960’s.  

•  The foundations of fractal geometry were unquestionably 
established by Benoit B. Mandelbrot, who first mathematically 
defined the concept of fractal.  

•  Fractal can be described as infinitely complex object.  
•  The term fractal is derived from the Latin word fractus which can 

be translated as broken.  
•  To explain this concept, it is necessary first to characterize the 

notion of geometrically smooth body. 
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Fractal Dimension 
Smooth Objects 

•  Euclid dimension 1, 2 and 3 and topological dimension of the body.  
•  All classic objects and bodies of Euclid geometry are geometrically 

smooth - strictly speaking, they are not of fractal nature.  
•  This means that their shape is "simple" - inside or limits they are not 

significantly or even infinitely complex. 
•  For ordinary objects we use dimensions 0, 1, 2, 3.  
•  It was therefore quite a surprise when there were discovered 

geometric shapes for which these dimensions are not enough.  
•  Some of these units are not just abstract objects, which are a 

figment of imagination of mathematicians, but often have their 
patterns in nature.  
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Fractal Dimension 
Endlessly Complex Objects 

•  An example of complex object actually occurred during the measurement 
coast of the Great Britain.  

•  L.F. Richardson first found that this length depends on the length of the 
meter, which was done by “steps” coast (on the map, however, may be 
one step scale both in meters and kilometers for example).  

•  Richardson also subsequently determine the empirical relationship 
K = CεD  

•  where ε > 0 is the length of the meter - a "step", C is a proportionality 
constant K = K(ε) = N(ε).  

•  ε is an approximation of the total length of the coast, where  
N(ε) the number of steps required.  
Length approximations proved to be dependent on constant D, the 
importance of the Richardson could not explain. 
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Fractal Dimension 
Hausdorff – Besicovic Dimension 

•  Benoit Mandelbrot proved a link between this constant and the Hausdorff 
- Besicovic dimension.  

•  The values of this dimension are the most important structural constants 
departments that are not geometrically smooth.  

•  These endlessly dissected bodies usually have a fractal structure. 
•  Difference between topological dimension of complex curve and plane. 
•  The objects described by fractal geometry can be described as objects 

with non-integer dimensions.  
•  The dimension of fractal objects is also called Hausdorff - Besicovic 

dimension.  
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Fractal Dimension 
Hausdorff – Besicovic Dimension 

•  The value of this dimension (i.e. the difference between the fractal 
dimension and topological dimension) then indicates the level of 
complexity of the object.  

•  If the fractal dimension differs from the topological one very little, such 
an object will be less complex. If the fractal dimension is significantly 
larger than the topological dimension, the object is very complex.  

•  Differences between topological and fractal dimension are used to define 
fractals.  

•  This definition was formulated by the mathematician Benoit B. 
Mandelbrot as follows: fractal is a geometric figure or a set whose 
Hausdorff-Besicovic dimension is (strictly) greater than the topological 
dimension.  

•  Accordingly, it is possible to define the concept of fractals as the English 
acronym of fractional dimension. 
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Fractal Dimension 
Hausdorff – Besicovic Dimension 

•  Non-fractal objects have the property of reducing the length scale 
approximates the border of the object to some limit value. In the case of 
fractals it is not valid, length is constantly increasing. This property is 
called the Richardson effect.  

•  There are several definitions of dimensions that can in principle be 
divided into two groups: 
–  metric dimensions depend on the metric properties 
–  information dimension-dependent probabilistic properties  

•  Examples of groups of metric dimension is the Hausdorff-Besicovic 
dimension, also called the Kolmogorov dimension or capacity or fractal 
dimension.  
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Fractal Dimension 
Hausdorff – Besicovic Dimension 

•  It is expressed by the following formula: 
 
 
 
 
 
 

•  where N(ε) the minimum number of elementary bodies (e.g. R2 squares 
with sideε) needed to cover the considered set. This dimension reflects 
quantitatively the degree of complexity ("structured") of a given set.  

•  It is visible from the equation that the fractal dimension value does not 
depend on the used logarithm. 
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Fractal Dimension of Line 

•  Divide this segment into N parts. This distribution corresponds to that as 
we look to the line with Nx magnification. Scale new segment is:  

ε = 1 / N  
 

where ε denotes the scale and N is the number of parts to which 
department (in our case line) parts. For Hausdorff - Besicovic dimension 
D in general, according to Richardson's empirical relationship, the 
following condition:  

NεD = 1 
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Fractal Dimension of Line 

•  It follows that the dimension D of the division N and the scale ε is 
calculated by the following modifications: 

NεD = 1 
log NεD = log 1 

log N+log εD = 0 
log N+D log ε= 0 
D log ε= -log N 

D = (-log N)/log ε 
D = log N/log (1/ε) 

 

•  Substituting ε = 1/N, into the last equation, we obtain the following result: 

D =log N/log (1/ε)=log N/log N = 1  

•  Topological dimension, as known in Euclidean geometry, is equal to one, as 
computed Hausdorff-Besicovic dimension. 
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Fractal Dimension of Square 

•  Another trivial formation is a square with sides of unit length (its area is 
also the unit). After you double the square looks as if it was four times 
the area. The scale must therefore be changed according to the 
following relationship:  

ε = 1/N1/2.  

•  Hausdorff – Besicovic dimension - square is then:  

D = log N / log (1/ε) = logN / log N1/2 = 1 / (1/2) = 2  

•  The topological dimension of the square is equal to two, as it is a 
smooth planar structure of Euclidean geometry.  

•  Fractal dimension of the square is also equal to two, according to the 
above definition, therefore, is not a fractal square again. 
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Fractal Dimension of Cube 

•  For higher dimension calculation looks similarly like for the unit cube in 
space R3. With the division of the parts of the cube, the resulting cube is 
reduced proportionally cube root of N. The scale is then calculated as 
follows:  

 

ε = 1/N1/3 

•  Fractal dimension of the cube can be expressed as follows:  

D = log N / log (1/ε) = logN / log N1/3 = 1 / (1/3) = 3.  

•  The topological dimension of the cube is equal to three, as it is a 
smooth unit in the space R3.  

•  Fractal dimension of the cube is also equal to three, i.e. cube, like a line 
a square, is not a fractal. 
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Fractal Dimension - Generalization 

•  On the basis of this simple unit formations, we can generalize the 
procedure of calculating fractal dimension. For scale ε of  covering 
objects is possible to write a generic term 
 
 
 
where D is the fractal dimension of the object. Expressing D, we obtain: 
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Fractal Dimension - Generalization 

where N denotes the factor of the change in length, respectively. roofer 
number of units, and 1/ε scaling factor.  

•  Note that the relationship may of course be used only for self-similar 
fractal, while for general self-affine fractals it is necessary to use 
equation 

  
 
 
 

since one cannot ignore the limit ε → 0 Both relationships determined 
dimension so that the line is divided into small segments, the surface 
squares and space cubes. Therefore, some speak of the boxed dimensions. 
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Fractal Dimension – Cantor Discontinuum 

•  There is a repeated omitting the middle third of all intervals that are left 
over from previous iterations. After the first iteration remain N = 2 the 
line with the scale ε = 1/3, etc.  

•  Generally, the refinement triple the number of lines forming the next 
iteration doubles. Fractal dimension is therefore 

•  Although Cantor set consists of infinitely many points, but contains no 
straight line, so its topological dimension is 0. 

•  The fractal dimension is positive, however, and by definition this set is 
a fractal. 
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1 log3log  
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Fractal Dimension – Koch Curve 

•  We apply the procedure of calculating the fractal dimension of the 
simplest fractals - Koch curve. At each iteration, the length of each edge 
is reduced to 1/3 (=ε) of its original value and the number of self-
similar segments increases to  
N = 4. 

•  When triple refinement thus the length of the curve four times 
increases, Hausdorff-Besicovic dimension is not an integer. For N = 4, 
therefore, the scale must be reduced to a third, in the formula  
 
 
 
 
is therefore necessary to substitute the following values:  
ε= 1/3, N = 4, fractal dimension of Koch curve is then  

 

D = log N/log (1/ε)=log 4/log 3 = 1.2618595  
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Fractal Dimension – Koch Curve 

•  The topological dimension of this curve is equal to one, the fractal 
dimension is larger.  

•  It follows that the curve is a fractal.  
•  It also has other interesting mathematical and geometrical properties: 

even if it is in its entirety continuous, the final derivative exists at no 
point.  

•  Each point on the curve is because after infinitely many iterations of 
intersection of two "infinitely small" lines that form the sides of a 
triangle, which is also "infinitely small".  

•  It is infinitely long, although it occupies only a limited part of the 
area. 
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Fractal Dimension – Sierpinski Triangle 

•  During Sierpinski triangle iteration one get in the first iteration N = 3 
covering objects with a scale ε = ½. In the second iteration we obtain 
N = 3⋅3 = 9 units of measure ε = ½⋅½ = ¼. In general, the n-th 
iteration 

 
 
 
•  Fractal dimension is then 

•  Sierpinski triangle contains the line obviously, but is there any contiguous 
portion of the area; its topological dimension is therefore 1, as defined in 
terms of a fractal. Compare with Koch curve where D = 1.2618595. Why? 
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Fractal Dimension 
Dimension of Selected Natural Objects 

Hausdorff-Besicovic Dimension of Selected Natural Objects 
 

Natural object  Fractal dimension  
Coastline 1.26 
The brain surface  2.76 
Rock surface  2.2 - 2.3 
Border of 2D cloud 
projection. 

1.33 
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Want	  to	  know	  more?	  

•  Barnsley M.F. 1993, Fractals Everywhere, Academic Press 
Professional 1993, ISBN 0-12-079061-0 

•  Bunde A., Shlomo H. 1996, Fractals and Disordered Systems, 
Springer, Berlin, 1996, ISBN 3-540-56219-2 

•  Hastings H.M., Sugihara G. 1993, Fractals a User's Guide For The 
Natural Sciences, Oxford University Press, 1993, ISBN 
0-19-854597-5 

•  Peitgen H.O., Jurgens H., Saupe D. 1992, Chaos and Fractals, New 
Frontiers of Science, Springer-Verlag 1992, ISBN 3-540-97903-4 

•  Very good movie about history, principles and applications of fractal 
geometry at 
https://www.youtube.com/watch?v=lmxJ1KDR_s0  
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Conclusions 

•  Different kinds of iterative calculated trajectories form core of TEA 
algorithm. 

•  Different kinds of trajectories were explained. 
•  Time escape algorithm (TEA) was demonstrated.  
•  It was shown how Julia sets can be visualized by means of TEA. 
•  Mutual relations between Mandelbrot set and Julia sets have been 

discussed. 
•  Fractal dimension and length or surface. 
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THANK YOU FOR YOUR ATTENTION 

ivan.zelinka@ieee.org 
www.ivanzelinka.eu  
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Copyright 

This didactic material is meant for the personal use of the student only, 
and is copyrighted. Its reproduction, even for a partial utilization, is 
strictly forbidden in compliance with and in force of the law on Authors 
rights.   
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