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Warning : fractals do not exist ! 

All	  fractals	  we	  are	  programming	  and	  visualizing	  are	  so	  called	  pseudo-‐
fractals	  or	  fractal	  look	  –alike	  structures.	  
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Topics 

•  History and people 
•  Relations between fractals and chaos 
•  Fractals and historical art 
•  Basic geometric operation as 

–  Scaling 
–  Moving 
–  Rotation 
–  Composition 

•  Concept of self-similarity and self-affinity 
•  Iterated Function System (IFS) algorithm 
•  Convergence 
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Objectives 

The objectives of the lesson are: 
•  Discuss historical relations and important researchers on 

fractal field (Poincare, Lorenz, Weierstrass, Mandelbrot,... ). 
•  Discuss relations between fractals and chaos dynamics. 
•  Show that fractals can be observed in historical art. 
•  Explain basic geometric operation as: 

–  Scaling 
–  Moving 
–  Rotation 
–  Composition 

•  Explain so called Iterated Function System (IFS) algorithm and 
concept of self-similarity and self-affinity. 
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The art of asking the right questions is more important than the art 
of the solving them.  

                  Georg Cantor 
 
 
 

Three roads leading to the knowledge:  
 

•  route reflection, that is noblest,  
•  path imitation is the lightest,  
•  through trial, that is the most bitter.  

 
     Confucius 



6	   navy.cs.vsb.cz	  



navy.cs.vsb.cz	  7	  

History 

•  Period mathematical “monsters”  
–  1872: Cantor set – Discontinuum 
–  1875: Weierstrass continuous curve without derivation 
–  1906: Brownian motion, Koch curve 

•  Hierarchical, “scalled” behavior 
–  1919: Hausdorff dimension of complex (complex) geometric objects 
–  1951: Hurst law for the behavior of the flow of the Nile 
–  1956: Gutenberg-Richter law of earthquake distribution amplitudes 
–  1961: Richardson's Law of measuring complex (complex) natural 

formations, such as Coast 
–  1963: Stomme’s diagram describing the spatial and temporal scale for the 

dynamics 
–  1969: Extension work in hydrology Hurst (Mandelbrot, Van Ness, Wallis) 
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History 

•  The official definition of fractal geometry 
–  1975: Mandelbrot used the word "fractal“ 
–  1977: Mandelbrot Fractals: form, dimension 
–  1980: Weierstrass-Mandelbrot fractal functions – geometry 
–  1982: Fractal model applied to ecology (Hastings), the patterns formed by 

clouds (Lovejoy) 
–  1986: The emergence of the IFS algorithm (Barnsley) 

•  Fractals and Dynamics 
–  1981: Witten and Sander – DLA 
–  1983: Hentschel and Procaccia have linked fractals and strange attractors 
–  1984: Published Tungsten dynamics of cellular automata 
–  1987: Self-organization (Bak, Tang, Weisendelf) 
–  1991: The book "Fractals in geophysics and “multifractals” by (Schertzer, 

Lovejoy) 
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Why Fractals? 
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Researchers 
Georg Ferdinand Ludwig Philipp Cantor 

•  Cantor's set design is essentially a trivial matter. This whole set lies 
in the interval [0, 1] and its construction consists of omitting the 
second third of this interval and all others when this process arises.  

•  This means that the first step after  
leaving the remaining two smaller  
intervals, and [0, 1 / 3] and [2 / 3, 1]. 

•   Each of them is subjected to the  
same operation, and we get four  
smaller intervals [0, 1 / 9],  
[2 / 9, 3 / 9], [6 / 9, 7 / 9],  
[8 / 9, 9 / 9], etc.  

!
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Researchers 
Georg Ferdinand Ludwig Philipp Cantor 

•  The entire procedure is graphically illustrated in figure below. 
•  Cantor set does not represent the end points of segments created 

during the iterations, but a set of points that remains after the 
"infinitely many" iterations. 

•  Cantor dust. 

!

� 

f1(x) =
x
3

, f2(x) =
x + 2

3
, x  [0,1] , !

� 

C = f1(C) f2(C) .

 

!



navy.cs.vsb.cz	  12	  

Researchers 
Waclaw Franciszek Sierpinski 

•  Nicolò di Bartolomeo from Foggia (Ravell cathedral in southern 
Italy). 

•  Albrecht Dürer ("painter's Manual" from 1525). 
•  Fractal pattern in the Basilica of San Clemente in Italy. 
•  Ba-Ili, northern Zambia, Africa. 

! ! !

!
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Researchers 
Niels Fabian Helge von Koch  

!

!

!

!

!

!

!
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Researchers 
Niels Fabian Helge von Koch  
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Researchers 
Gaston Maurice Julia 

!

!

 

!

 

!
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Researchers 
… 

16	  

! !

 

!

!
Felix	  Hausdorff	   	  	  	  Alexander	  M.	  Ljapunov 	  	  ArisWd	  Lindenmayer	  
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Researchers 
Benoit B. Mandelbrot 

17	  

!

 

!

 

!
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Researchers 
Edward Norton Lorenz 

!
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Fractals - Definition 

•  A fractal is an object whose geometrical structure is repeated in its 
own inner structure. Fractals are divided into self-similar and self-
affine. 
–  Self-similar fractals are structures encountered only in the mathematical 

structures. Their hallmark is that they repeat the initial motif of the 
original parent body or bodies. Any cut is an exact copy of the original 
object.  

–  Self-affine fractals are structures we encounter every day without realizing 
it. These are some of clouds, forests, mountains, water level, but also 
such objects as the face, etc. Their characteristic feature is that any cut 
is a similar copy of the original unit. 
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Fractals - Definition 

•  Self-similarity (in mathematics it is also called invariance to scale) is 
such a feature, when an object (or part of it), looks like when 
viewed at different magnifications.  

•  Self-similarity is one of the main features of fractal shapes. 
•  Mandelbrot concept of self-similarity was mathematically described 

by Hutchinson, who took the view that self-similarity are 
geometrically similar to the whole, diminished in a certain ratio.  

•  Defined self-similarity subset of W n-dimensional Euclidean space Rn 
so that there is a finite number of contractions, eventually affine 
transformations. 
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Fractals - Definition 

•  Affine transformations are then understood like 
 
 
that 
 
 
for any i ≠ j contains intersection 
 
 
 
only a finite number of elements (or empty). So called Hutchinson‘s 
operator is defined  

1 2, ,..., : n n
mw w w R R→

( )
1

 ,
m

i
i

W w W
=

=U

( ) ( )i jw W w W∩

w(X) = wi (X)
i=1

m

  , X ⊆ Rn  ,
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Fractals - Definition 

•  According to                   is the self-similarity of the relevant  
 
fixed point W of  Hutchinson operator.  

•  This set is also called an attractor of W and operator must 
necessarily have fractal structure (excluding quite trivial cases). 

•  The set has some very interesting features that are typical for 
most (at least artificially created) fractal objects:  
–  Self-similarity arises repeating itself at certain transformation; 

transformations in this context mean, for example rotation, 
displacement or scaling; all these transformations are defined 
in Rn affine transformations.  

–  Self-similarity is invariant with respect to scaling: at any 
magnification or reduction it looks the same. 

–  Self-similarity arises of itself, respectively there is repetition of 
the same basic theme. 

  

� 

W = wi
i=1

m

 W( ) ,
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Fractals - Definition 

•  Without mathematical analysis, it is clear that for our purposes, it is 
suitable to describe it non-mathematically by characteristic properties:  
–  Have details on each level. 
–  Are (exactly, approximately, statistically) self-similar.  
–  The fractal dimension is (strictly) greater than the topological 

dimension. 
–  Sometimes are describable using simple algorithms.  

•  We distinguish between two types of self-similarity:  
–  Accurate 
–  Statistical 
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Fractals – Exact Self-Similarity  

•  Exact self-similarity - defined by self-similarity, which is determined by                  
 
 
and for which there is a finite amount of contractions of view such that 
this set consists of the union of all disjoint parts of the contracted sets.  

•  The exact self-similarity arises repeating itself apart by using certain 
(affine) transformation.  

•  Self-similarity is invariant to changes in scale, i.e. at any magnification or 
reduction it always looks the same.  

•  Each such set is formed by repeating the same motif and is therefore 
partially similar to each other. 

  

� 

W = wi
i=1

m

 W( ) ,
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Fractals – Statistical Self-Similarity  

•  Statistical self-similarity - based on the fact that all the exact self-
similarity fractals are regular.  

•  This is due to the fact that their way of generating is strictly 
deterministic.  

•  In nature regular fractals are absent.  

•  When we reach that fractal corresponded with reality, we have to include 
the process of generating a coincidence.  

•  Randomness involved in the generation of the fractal is always 
determined by its shape and the fractal dimension. 
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Fractals – Similarity Universum 

•  Statistical self-similarity and its version consists of two counterparts 
for a range of eventualities.  

•  On one side there are the self-similarity fractals generated by simple 
deterministic procedures, such as Cantor discontinue, Sierpinski triangle, 
Koch curve, snowflake or various non-stochastic versions.  

•  On the other side there are completely random structures. Example is 
the trajectory of Brownian motion, which is a continuous curve and still 
has fractal dimension of 2, does not matter whether it is located on the 
plane or in the space. 

•  Julia set and Mandelbrot set  are not self-similar, because they are not 
attractors of any Hutchinson operator. 

•  Among such sets and statistically self-similar fractals there are often 
barely visible boundaries. Therefore, they are collectively referred to as 
self-affine fractals. 
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Algorithms 

•  There are two basic algorithms: 
–  IFS - iterated Function System 
–  TEA - Escape Time Algorithm 
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!

Algorithms - IFS 

•  IFS algorithm is based on affine transformations 

!

� 

w x( ) = w
x1

x1

 

 
 

 

 
 =

r1 cos r2 sin
r1 sin r2 cos
 

 
 

 

 
 

x1

x2

 

 
 

 

 
 +

e
f

 

 
 
 

 
  ,  resp.

!

� 

w x( ) = w
x1
x1

 

 
 

 

 
 =

a b
c d
 

 
 

 

 
 

x1
x2

 

 
 

 

 
 +

e
f

 

 
 
 

 
 .

!

!



navy.cs.vsb.cz	  30	  

Algorithms - IFS 

•  IFS contains the operations of rotation, zoom in and out. 
 

Sample image of the Mr. head. 

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1



navy.cs.vsb.cz	  31	  

Algorithms - IFS 

•  Shrink operation 
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Algorithms - IFS 

•  Scaling and rotation 
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Algorithms - IFS 

•  The final effect transformations after one iteration 

•  Rotate, zoom in and shift + union 
with the original image. 

•  Rotate in and out + union 
with the original image. 
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Algorithms - IFS 

•  The final effect transformations after one iteration. 
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Algorithms - IFS 

•  Koch curve – variation. 
•  In a random change of the coefficients affine transformations get 

irregular shape.  
•  This can be modeled coast, etc.. 
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Algorithms - IFS 

•  Using the affine transformation can transform one object into 
another ... 
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Algorithms - IFS 

•  Using the affine transformation can transform one object into 
another ... 
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Algorithms - IFS 

•  Using the affine transformation can transform one object into 
another ... 
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Algorithms - IFS 

•  Using the affine transformation can transform one object into 
another ... 



navy.cs.vsb.cz	  40	  

Algorithms - IFS 

•  Convergence 

40	  
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Algorithms - IFS 

•  The Sierpinski triangle 
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Algorithms - IFS 

•  The Tree 
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Algorithms - IFS 

•  The Christmas tree 
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Algorithms - IFS 

•  The Fern 
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Algorithms - IFS 

•  Variations on the Koch flake 
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Algorithms - IFS 

•  The Tree and alley  
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Algorithms - IFS 

•  The Spiral 
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Algorithms - IFS 

•  The Spiral 
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Algorithms - IFS 

•  The City 
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Algorithms - IFS 

•  The Rocks and 3D 
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Another Algorithms 
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Fractals in Mathematica 

•  Demonstration program in Mathematica is accessible at website  
http://www.ivanzelinka.eu/hp/Vyuka.html . 

•  To run demonstration you need to download and install program 
http://www.wolfram.com/cdf-player/ . 

•  Follow instruction in selected demonstration program. 
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Want	  to	  know	  more?	  

•  Barnsley M.F. 1993, Fractals Everywhere, Academic Press 
Professional 1993, ISBN 0-12-079061-0 

•  Bunde A., Shlomo H. 1996, Fractals and Disordered Systems, 
Springer, Berlin, 1996, ISBN 3-540-56219-2 

•  Hastings H.M., Sugihara G. 1993, Fractals a User's Guide For The 
Natural Sciences, Oxford University Press, 1993, ISBN 
0-19-854597-5 

•  Peitgen H.O., Jurgens H., Saupe D. 1992, Chaos and Fractals, New 
Frontiers of Science, Springer-Verlag 1992, ISBN 3-540-97903-4 

•  Very good movie about history, principles and applications of fractal 
geometry at 
https://www.youtube.com/watch?v=lmxJ1KDR_s0  
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Conclusions 

•  Historical relations and important researchers (Poincare, Lorenz, 
Weierstrass, Mandelbrot amongst the others) on fractal field were 
discussed and some important research issues were mentioned. 

•  Mutual relations between fractals and chaos dynamics were 
enlightened. 

•  Fractals can be observed in historical art and architecture. 
•  Basic geometric operation as scaling, moving, rotation and 

composition are core operations of IFS algorithm. 
•  Concept of self-similarity and self-affinity is observed in its structure. 
•  Iterated Function System (IFS) algorithm can be used to generate 

BW pictures. 
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THANK YOU FOR YOUR ATTENTION 

ivan.zelinka@ieee.org 
www.ivanzelinka.eu  
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Copyright 

This didactic material is meant for the personal use of the student only, 
and is copyrighted. Its reproduction, even for a partial utilization, is 
strictly forbidden in compliance with and in force of the law on Authors 
rights.   
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