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Topics 

•  Fractal structures behind mathematical operations 
•  Fractals and number system structure 
•  Fractal in physics, economy, etc… 
•  Biomorfs 
•  Fractal interpolation 
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Objectives 

The objectives of the lesson are: 
•  To show that selected examples of (pseudo)fractal existence can be 

observed behind mathematical equations and formulas. 
•  Use of fractal geometry on interpolation. 
•  Discuss examples of fractal in: 

–  Biology 
–  Nature 
–  Economy 
–  Physics 
–  Process dynamics 
–  … 
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Fractals and Related Patterns 
What is Behind the “Boring” Formulas and Equations 

•  Fractal objects can be observed in many natural formations, but also 
in the behavior of dynamical systems, mathematical functions or 
algorithms.  

•  An example might be the application of TEA on the iterative Newton 
method: it is used to find solutions to the equation f (x) = 0. 

•  It can be shown that when choosing the appropriate  
x0 = xstart sequence converges 

 
 
 
 
to one of the roots of the equation f (x) = 0. 

!

� 

xn +1 = xn 
f (xn )
 f (xn )
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Fractals and Related Patterns 
What is Behind the “Boring” Formulas and Equations 

•  To display the points that converge to one of the roots, you can use 
philosophy of TEA.  

•  Taking into account such equation like 

•  The iterative formula for Newton's method is 

•  The equation has 4 roots:  
–  ± i  
–  ± 0.707107 ± 0.707107i.  

!

� 

f (z) = (z2 +1)(z2 + i) = 0 ,

!

� 

zn+1 = zn 
(z n

2 +1)(z n
2 + i)

(2 + 2i)(zn + (1 i)z n
3 )

 .
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Fractals and Related Patterns 
What is Behind the “Boring” Formulas and Equations 

•  The picture displayed by the TEA attraction of the roots.  
•  There is a clear unambiguous fractal structure generated by the 

standard iterative mathematical procedure. 
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Fractals and Related Patterns 
What is Behind the “Boring” Formulas and Equations 

•  A similar visualization can be obtained as solutions of the equation 
!

� 

f (z) = cos(z) +
z2

2
= 0 .
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Fractals and Related Patterns 
What is Behind the “Boring” Formulas and Equations 

•  Other similar visualizations can be obtained from other equations ... 
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Fractals and Related Patterns 
What is Behind the “Boring” Formulas and Equations 

•  The following example of a complex structure is shown and is based 
on the use of so-called Fibonacci numbers. These are defined by the 
recurrent relation 

•  Explicitly sequence of Fibonacci numbers can be expressed as 
follows: 
 
 
 
 
 

Φ is the golden section relationship 
 
 
 
with an approximate numerical value of 1.61803 and n is generally a 
complex number. 

!

� 

Fn = Fn1  Fn2 ,  F0 = 0, F1 =1 .

!

� 

Fn =
 n  (1)n

5
 ,

!

� 

(1+ 5)
2

 .
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Fractals and Related Patterns 
What is Behind the “Boring” Formulas and Equations 

•  The program generates complex structure on the right and it is 
based on iterative use of Fibonacci numbers.  

•  Although it is basically  
just an interesting  
pseudo-fractal structure,  
we think that figure is very  
noteworthy. 
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Fractals and Related Patterns 
What is Behind the “Boring” Formulas and Equations 

•  Sometimes you can find interesting structures in number theory, 
where the appropriate treatment of otherwise "boring" data can 
reveal interesting structure.  

•  An example image, where patterns very similar to the output of 
cellular automata are visible.  

•  Left in the area are shown first digit of the development value of b 
at third base On the right there are displayed decimal digits sums 
development value a2 b2 modulo 2 The axes are plotted course of 
natural numbers a, b. 
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Fractals and Related Patterns 
What is Behind ”Visible Reality" 

•  A purely physical structure is called pseudo-fractal Hofstadter’s 
butterfly.  

•  In 1976, D. Hofstadter published an article entitled "Energy levels 
and wave functions of Bloch electrons in rational and Irrational 
Magnetic Fields", which solved the problem of finding the energy 
spectrum of possible states of electrons in a crystal embedded in a 
magnetic field.  

•  Based on the calculations in quantum  
mechanics, this spectrum can then be  
visualized as it is in that picture. Again,  
fractal structure can be observed . 

13	  
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Fractals and Related Patterns 
What is Behind ”Visible Reality" 

•  Quite an interesting application of fractal geometry, which is used in 
computer games and computer biology, are the so-called L-systems that 
were published in 60's by A. Lindenmayer.  

•  He was a biologist who developed a formal description of the evolution 
of biological systems for simulation on computers.  

•  This approach is now known as "parallel rewriting the system" or as 
L-system, which is used to model growth processes.  

•  The basic idea on which he founded Lindenmayer L-systems, is based on 
the assumption that the development of an organism can be seen as 
performing a program stored in the fertilized egg.  

•  In higher multicellular organisms then be viewed as a collection of 
suitably programmed so-called finite automata. 
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Fractals and Related Patterns 
What is Behind ”Visible Reality" 

!

   

!
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Fractals and Related Patterns 
What is Behind ”Visible Reality" 

•  It is essentially a recursive process, which is initially defined by the 
set G = {V, S, A, P}, where V is the alphabet, or set of variables that 
are to the transcript, S are constants, A is called "axiom" (starting 
value of rewriting process) and P is a set of rules that determine 
which element of V is a rewrite and more. It is called  grammar. 
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Fractals and Related Patterns 
What is Behind ”Visible Reality" 

•  Structures reminiscent of fractal objects, or even having the fractal 
properties can be found in the field called artificial life.  

•  It is an area that deals with the simulation of living systems and 
their production "in silico" (computer).  

•  From this comes the term "biomorph" by Richard Dawkins, who 
wanted to demonstrate creative visualization of biomorphs potential 
mutational selection mechanism used in evolutionary 
techniques ... 
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Fractals and Related Patterns 
What is Behind ”Visible Reality" 

•  Biomorphs are basically tree, derived from L-systems enriched with 
mutation, which allows to generate mutant L-systems - biomorphs.  

•  It was possible to generate extremely complicated structures of the 
different "organisms" (a variation of the order of 109-1010).  

•  These structures are characterized by a vector of numbers that 
describes the recursion depth, color, thickness, length of individual 
parts, angles, etc.  

•  The development of complex biomorphs used evolution. 
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Fractals and Related Patterns 
What is Behind ”Visible Reality" 

•  Biomorphs in generations. 
•  At the beginning they are 

simple. 

•  At the end, complex. 



navy.cs.vsb.cz	  20	  

Fractals and Related Patterns 
Fractal Interpolation 

•  Fractal interpolation of the connection points of the measured data 
curve with fractal character. 

•  Geometry and Euclid's trigonometry allow us to describe the shapes 
of our world, including their behavior, using standard geometric 
objects, and the dry line, parabola, circle, etc..  

•  These tools are also used in treatment of experimental data, the 
data are interspersed in parts line, parabola, and other curves of 
Euclidean geometry.  

•  This is called interpolation.  
•  However, there are disadvantages. Curve type must be selected and 

in addition, the selected curve in the extreme case may not 
correspond at all with the essence of the problem being solved. 
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Fractals and Related Patterns 
Fractal Interpolation 

•  Interpolation can be cone by 
classical methods like  
–  Splines 
–  Piecewise linear 
–  Least square 
–  … 

•  Data are then filled by  
curves of different quality. 
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Fractals and Related Patterns 
Fractal Interpolation 

•  Similarly, complex waveforms can be found elsewhere, such as the 
EEG of the human brain, a jet engine, etc.  

•  In this case, you can use so-called fractal interpolation, which 
interleaves the data set using affine transformations, so that the 
resulting fractal curve lay all measured data points.  

•  As the success of such an interpolation is taken Hausdorff distance 
between data and curve, which should be minimized.  

•  Thus, if there is a process that exhibits fractal character, then it 
should be interpolated using fractal interpolation rather than using 
conventional interpolation. 
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Fractals and Related Patterns 
Fractal Interpolation 

•  Fractal interpolation is process of data fitting by means of curve of 
fractal like structure. 
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Fractals and Related Patterns 
Fractal Interpolation 
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Fractals and Related Patterns 
Strange Attractors 
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Fractals and Related Patterns 
Strange Attractors 

•  For chaotic attractors (white curve) there is the domain of attraction 
(Basins of attraction).  

•  The boundaries of these regions have fractal character ... 
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Fractals and Related Patterns 
Natural Patterns 
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Fractals and Related Patterns 
Natural Patterns 

Fractal	  structures	  and	  quasi-‐fractal	  in	  
nature	  can	  be	  found	  at	  almost	  every	  
step	  ...	  
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Fractals and Related Patterns 
Natural Patterns 

…it	  can	  be	  mountains,	  lightning	  paSerns	  
on	  the	  surface	  of	  various	  materials,	  etc..	  
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Fractals and Related Patterns 
Technological Devices and Processes 

…also	  in	  man	  made	  structures	  as	  the	  
Internet,	  in	  dynamics	  of	  various	  
processes…	  
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Fractals and Related Patterns 
Biology 

Located	  on	  all	  levels,	  micro	  (quantum	  
structure)	  and	  macro	  level	  (plants,	  ...,	  the	  
universe).	  

Romanesque	  	  
Cauliflower	  

Protein	  structures	  
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Fractals and Related Patterns 
Universe 

hSps://www.zooniverse.org/	  	  
hSp://www.galaxyzoo.org/	  	  
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Fractals and Related Patterns 
Universe 

hSp://cosmicweb.uchicago.edu/filaments.html	  	  
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Fractals and Related Patterns 
Physics/Economy 

hSp://www.globalwarmingart.com/wiki/File:Sunspot_Numbers_png	  	  

The	  Solar	  acavity	  is	  a	  complex	  dynamics	  that	  
has	  a	  few	  cycles	  with	  different	  length.	  
The	  same	  components	  are	  observable	  there	  
as	  on	  Stock	  Exchange…	  
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Fractals and Related Patterns 
Physics/Economy 

Stock	  Exchange	  exhibit	  
so	  called	  Elliot	  Waves…	  
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Fractals and Related Patterns 
Physics/Economy 
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Fractals and Related Patterns 
Earth 

hSp://www.miqel.com/fractals_math_paSerns/visual-‐math-‐natural-‐fractals.html	  

Tibet	  

River	  	  
system	  

Termal	  springs	  
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Fractals and Related Patterns 
Nature 

hSp://www.miqel.com/fractals_math_paSerns/visual-‐math-‐natural-‐fractals.html	  

Lichtenberg	  
paSern	  ader	  hit	  
by	  lightning.	  
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Fractals and Related Patterns 
Nature 

hSp://www.miqel.com/fractals_math_paSerns/visual-‐math-‐natural-‐fractals.html	  

Shells	  and	  flakes	  
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Fractals and Related Patterns 
Technology 

Semiconductor	  structures	  at	  
the	  quantum	  level	  

Interference	  
paSerns	  
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Fractals and Related Patterns 
Examples 

•  Demonstration program in Mathematica is accessible at website  
http://www.ivanzelinka.eu/hp/Vyuka.html . 

•  To run demonstration you need to download and install program 
http://www.wolfram.com/cdf-player/ . 

•  Follow instruction in selected demonstration program. 
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Want	  to	  know	  more?	  

•  Barnsley M.F. 1993, Fractals Everywhere, Academic Press 
Professional 1993, ISBN 0-12-079061-0 

•  Bunde A., Shlomo H. 1996, Fractals and Disordered Systems, 
Springer, Berlin, 1996, ISBN 3-540-56219-2 

•  Hastings H.M., Sugihara G. 1993, Fractals a User's Guide For The 
Natural Sciences, Oxford University Press, 1993, ISBN 
0-19-854597-5 

•  Peitgen H.O., Jurgens H., Saupe D. 1992, Chaos and Fractals, New 
Frontiers of Science, Springer-Verlag 1992, ISBN 3-540-97903-4 

•  Very good movie about history, principles and applications of fractal 
geometry at 
https://www.youtube.com/watch?v=lmxJ1KDR_s0  
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Conclusions 

•  Fractal existence can be observed behind mathematical equations 
and formulas. 

•  Fractal geometry can be used on data interpolation. 
•  Dynamics and fractals. 
•  Fractals can be found in: 

–  Biology 
–  Nature 
–  Economy 
–  Physics 
–  Process dynamics 
–  … 



44	   navy.cs.vsb.cz	  

THANK YOU FOR YOUR ATTENTION 

ivan.zelinka@ieee.org 
www.ivanzelinka.eu  
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Copyright 

This didactic material is meant for the personal use of the student only, 
and is copyrighted. Its reproduction, even for a partial utilization, is 
strictly forbidden in compliance with and in force of the law on Authors 
rights.   
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