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Topics 

•  Complex networks 
•  The Structure 
•  Topology of real networks 
•  How to connect complex networks with evolutionary algorithms 

dynamics 
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Objectives 

The objectives of the lesson are: 
•  Explain basics of complex networks 



Complex Systems 
Light Introduction 
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Complex systems 
Definition 

•  A complex system is a system composed of interconnected parts 
that as a whole exhibit one or more properties (behavior among the 
possible properties) not obvious from the properties of the individual 
parts. This characteristic of every system is called emergence. 

•  A system’s complexity may be of one of two forms: disorganized 
complexity and organized complexity. In essence, disorganized 
complexity is a matter of a very large number of parts, and 
organized complexity is a matter of the subject system (quite 
possibly with only a limited number of parts) exhibiting emergent 
properties. 
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Complex systems 
Examples 

•  Examples of complex systems include:  
–  ant colonies,  
–  human economies, 
–  social structures,  
–  climate,  
–  nervous systems,  
–  cells and living things, including human beings,  
–  modern energy or telecommunication infrastructures.  

•  Many systems of interest to humans are complex systems. Fields 
that specialize in the interdisciplinary study of complex systems 
include systems theory, complexity theory, systems ecology, and 
cybernetics. 
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Complex systems 
Types of CS 

•  Chaotic systems 
–  For a dynamical system to be classified as chaotic, it must have the 

following properties 
•  it must be sensitive to initial conditions 
•  it must be topologically mixing, and 
•  its periodic orbits must be dense. 

–  Sensitivity to initial conditions means that each point in such a system is 
arbitrarily closely approximated by other points with significantly different 
future trajectories. Thus, an arbitrarily small perturbation of the current 
trajectory may lead to significantly different future behavior. 
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Complex systems 
Types of CS 

•  Complex adaptive systems 
–  Complex adaptive systems (CAS) are special cases of complex systems. 

They are complex in that they are diverse and made up of multiple 
interconnected elements and adaptive in that they have the capacity to 
change and learn from experience.  

–  Examples of complex adaptive systems include the stock market, social 
insect and ant colonies, the biosphere and the ecosystem, the brain and 
the immune system, the cell and the developing embryo, manufacturing 
businesses and any human social group-based endeavor in a cultural and 
social system such as political parties or communities. This includes some 
large-scale online systems also... 
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Complex systems 
Types of CS 

•  Nonlinear system 
–  A nonlinear system is one whose behavior can't be expressed as a sum of 

the behaviors of its parts (or of their multiples). In technical terms, the 
behavior of nonlinear systems is not subject to the principle of 
superposition. Linear systems are subject to superposition. 
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Complex systems 
Feature of CS 

•  Difficult to determine boundaries. It can be difficult to 
determine the boundaries of a complex system. The decision is 
ultimately made by the observer. 

•  Complex systems may be open. Complex systems are usually 
open systems — that is, they exist in a thermodynamic gradient and 
dissipate energy. In other words, complex systems are frequently far 
from energetic equilibrium: but despite this flux, there may be 
pattern stability, see synergetics. 

•  Complex systems may have a memory. The history of a 
complex system may be important. Because complex systems are 
dynamical systems they change over time, and prior states may 
have an influence on present states. More formally, complex 
systems often exhibit hysteresis. 
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Complex systems 
Feature of CS 

•  Complex systems may be nested. The components of a complex 
system may themselves be complex systems. For example, an 
economy is made up of organisations, which are made up of people, 
which are made up of cells - all of which are complex systems. 

•  Dynamic network of multiplicity.  As well as coupling rules, the 
dynamic network of a complex system is important. Small-world or 
scale-free networks which have many local interactions and a 
smaller number of inter-area connections are often employed. 
Natural complex systems often exhibit such topologies. In the 
human cortex for example, we see dense local connectivity and a 
few very long axon projections between regions inside the cortex 
and to other brain regions. 
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Complex systems 
Feature of CS 

•  May produce emergent phenomena. Complex systems may 
exhibit behaviors that are emergent, which is to say that while the 
results may be deterministic, they may have properties that can only 
be studied at a higher level.  
–  For example, the termites in a mound have physiology, biochemistry and 

biological development that are at one level of analysis, but their social 
behavior and mound building is a property that emerges from the 
collection of termites and needs to be analyzed at a different level. 
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Complex systems 
Feature of CS 

•  Relationships are non-linear. In practical terms, this means a 
small perturbation may cause a large effect (see butterfly effect), a 
proportional effect, or even no effect at all. In linear systems, effect 
is always directly proportional to cause. 

•  Relationships contain feedback loops. Both negative (damping) 
and positive (amplifying) feedback are often found in complex 
systems. The effects of an element's behavior are fed back to in 
such a way that the element itself is altered..  
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Complex systems 
Disorganized complexity vs. organized complexity 

•  Disorganized complexity results from the particular system 
having a very large number of parts, say millions of parts, or many 
more. Though the interactions of the parts in a "disorganized 
complexity" situation can be seen as largely random, the properties 
of the system as a whole can be understood by using probability 
and statistical methods.  
–  A prime example of disorganized complexity is a gas in a container, with 

the gas molecules as the parts. Some would suggest that a system of 
disorganized complexity may be compared, for example, with the 
(relative) simplicity of the planetary orbits—the latter can be known by 
applying Newton's laws of motion, though this example involved highly 
correlated events. 



navy.cs.vsb.cz	  15	  

Complex systems 
Disorganized complexity vs. organized complexity 

•  Organized complexity,  resides in nothing else than the non-
random, or correlated, interaction between the parts. These 
correlated relationships create a differentiated structure that can, as 
a system, interact with other systems. The coordinated system 
manifests properties not carried or dictated by individual parts. The 
organized aspect of this form of complexity to other systems than 
the subject system can be said to "emerge," without any "guiding 
hand".  
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Complex systems 
Disorganized complexity vs. organized complexity 

•  Organized complexity, the number of parts does not have to be 
very large for a particular system to have emergent properties. A 
system of organized complexity may be understood in its properties 
(behavior among the properties) through modeling and simulation, 
particularly modeling and simulation with computers. An example of 
organized complexity is  
–  a city neighborhood as a living mechanism, with the neighborhood people 

among the system's parts. 
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Complex systems 
Disorganized complexity vs. organized complexity 

17	  
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Complex Networks 
Examples 
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„Complex	  network	  is	  a	  graph	  with	  non-‐trivial	  
topological	  features.“	  

Wikipedia	  



navy.cs.vsb.cz	  20	  

Internet 

•  Nodes: servers 
•  Edges: connections 
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Internet 

Importance of Internet and the web 
•  Congestion 
•  Virus propagation 
•  Cooperative/social phenomena (online communities, etc.) 
•  Random walks, search (pagerank algo,...) 
•  Continuously evolving and growing 
•  Intrinsic heterogeneity self-organizing 
WWW 
•  Virtual network to find and share information 
•  Over 1 billion documents 
•  ROBOT: collects all URL’s found in a document and follows them 

recursively 
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Company Relations 

•  Nodes: companies 
•  Edges: business between them 
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Social Networks 

•  Nodes: people 
•  Edges: relations 
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Social Networks 

Many social networks are the support of some dynamical processes 
•  Disease spread 
•  Rumor propagation 
•  Opinion/consensus formation 
•  Cooperative phenomena... 
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Social Networks - Actors 

•  Nodes: Actors 
•  Edges: Joint cast 

Ava Gardner Groucho Marx 

John	  Carradine	  

distance(Ava, Groucho)=2 

hXp://www.cs.virginia.edu/oracle/star_links.html	  	  
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Transportation Networks 

•  Nodes: aitports 
•  Edges: flights 
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Transportation Networks 

•  Nodes: aitports 
•  Edges: flights 
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Biology 

•  Nodes: proteins… 
•  Edges: reactions 
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Biology 

•  (sub-)cellular level: Extracting useful 
•  information from the huge amount of available data (genome, etc). 

Link structure- function ? 
•  Species level: Stability of ecosystems, biodiversity 
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Food Chain 

•  Nodes: animals… 
•  Edges: predator-prey relations 
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Food Chain 
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Science 

•  Nodes: scientists… 
•  Edges: citation relations 

 

•  http://forcoa.net  
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Overview 

Network 
•  Web 
•  Internet 
•  Scientific cooperation 
•  Actors network 
•  Citation network 
•  Food chains 
•  Network sexual contact 
•  Metabolism 
•  Linguistics 
•  Phone Calls 
•  Mains 
•  Neural network 

Nodes	  
Website	  
Servers	  
Scien]sts	  
Actors	  
Scien]sts	  
Species	  
People	  
Chemicals	  
Word	  connota]ons	  	  
Phone	  
Transformers	  
Neurons	  

Edges	  
Links	  
Wires	  
Co-‐authoring	  
Played	  in	  one	  movie	  
Ar]cles	  cita]ons	  
Hunter-‐prey	  
Sex	  
Reac]ons	  
Synonyms	  
Calls	  
Wires	  
Synap]c	  connec]on	  



Complex Networks 
Basic Idea 



navy.cs.vsb.cz	  35	  

Definition 

•  Most social, biological, and technological networks display 
substantial non-trivial topological features, with patterns of 
connection between their elements that are neither purely regular 
nor purely random.  

•  Such features include a heavy tail in the degree distribution, a high 
clustering coefficient, assortativity or disassortativity among vertices, 
community structure, and hierarchical structure.  

•  In the case of directed networks these features also include 
reciprocity, triad significance profile and other features.  

•  In contrast, many of the mathematical models of networks that 
have been studied in the past, such as lattices and random graphs, 
do not show these features. 
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Definition 

•  There are two much studied classes of complex networks are  
–  scale-free networks and  
–  small-world networks,  

whose discovery and definition are canonical case-studies in the 
field.  

•  Both are characterized by specific structural features—power-law 
degree distributions for the former and short path lengths and high 
clustering for the latter. 
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Scale-Free Networks 

•  A network is named scale-free if its degree distribution, i.e., the 
probability that a node selected uniformly at random has a certain 
number of links (degree), follows a particular mathematical function 
called a power law.  

•  The power law implies that the degree distribution of these 
networks has no characteristic scale.  

•  In contrast, network with a single well-defined scale are somewhat 
similar to a lattice in that every node has (roughly) the same 
degree. 

•  Examples of networks with a single scale include the Erdős–Rényi 
random graph.  
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Scale-Free Networks 

•  In a network with a scale-free degree distribution, some vertices 
have a degree that is orders of magnitude larger than the average - 
these vertices are often called "hubs", although this is a bit 
misleading as there is no inherent threshold above which a node can 
be viewed as a hub.  

•  If there were such a threshold, the network would not be scale-free. 
•  Networks with a power-law degree distribution can be highly 

resistant to the random deletion of vertices, i.e., the vast majority 
of vertices remain connected together in a giant component.  
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Scale-Free Networks 

•  Such networks can also be quite sensitive to targeted attacks aimed 
at fracturing the network quickly.  

•  When the graph is uniformly random except for the degree 
distribution, these critical vertices are the ones with the highest 
degree, and have thus been implicated in the spread of disease 
(natural and artificial) in social and communication networks 

•  Cohen and Havlin showed analytically that scale-free networks are 
ultra-small worlds networks. In this case, due to hubs, the shortest 
paths become significantly smaller. 
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Small-World Networks 

•  A network is called a small-world network by analogy with the 
small-world phenomenon (popularly known as six degrees of 
separation).  

•  The small world hypothesis, which was first described by the 
Hungarian writer Frigyes Karinthy in 1929, and tested 
experimentally by Stanley Milgram (1967), is the idea that two 
arbitrary people are connected by only six degrees of separation, i.e. 
the diameter of the corresponding graph of social connections is not 
much larger than six.  
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Small-World Networks 

•  In mathematics, physics and sociology, a small-world network is a 
type of mathematical graph in which most nodes are not neighbors 
of one another, but most nodes can be reached from every other by 
a small number of hops or steps.  

•  Specifically, a small-world network is defined to be a network where 
the typical distance L between two randomly chosen nodes (the 
number of steps required) grows proportionally to the logarithm of 
the number of nodes N in the network. 
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Small-World Networks 

•  In the context of a social network, this results in the small world 
phenomenon of strangers being linked by a mutual acquaintance.  

•  Many empirical graphs are well-modeled by small-world networks.  
•  Social networks, the connectivity of the Internet, wikis such as 

Wikipedia, and gene networks all exhibit small-world network 
characteristics. 
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Small-World Networks 

•  Small-world properties are found in many real-world phenomena, 
including  
–  road maps,  
–  food chains,  
–  electric power grids,  
–  metabolite processing networks,  
–  networks of brain neurons,  
–  voter networks,  
–  telephone call graphs, 
–  social influence networks, etc. 

•  Networks of connected proteins have small world properties such as 
power-law obeying degree distributions.  



The Structure 
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Networks and Satistical Physics 

•  Most networks of interest are: 
–  Complex 
–  Very large 

•  Statistical tools is needed ! 

•  Social networks: various samplings/networks 
•  Transportation network: reliable data 
•  Biological networks: incomplete samplings 
•  Internet: various (incomplete) mapping processes  
•  WWW: regular crawls 
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Networks , Common Attributes and Modelling 

•  Do they have anything in common?  
•  Possibility to find common properties? 
•  The abstract character of the graph representation and graph theory 

allow to give some answers... 
•  Important ingredients for the modeling. 

•  Microscopical processes -> Statistical physics -> properties at the 
macroscopic level 

•  Microscopical processes: many interacting elements, dynamical 
evolution, self-organisation 

•  Macroscopic level: non-trivial structure, emergent properties, 
cooperative phenomena 
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Definitions and Notations I - Graph 

•  CN can be represented as a (undirected/directed) graph.  
•  Formally: 

Graph𝐺=(𝑁,𝐸) 
Set of the nodes 𝑁={𝑛1, 𝑛2, ..., 𝑛𝑁}  

•  Set of the links 𝐸={𝑒1, 𝑒2, ..., 𝑒𝐾}  

•  Very abstract representation 
•  Very general 
•  Convenient to describe many different systems: 
•  biology, infrastructures, social systems, … 
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n1	  
n2	  

n3	  

n2	  
n1	  

n3	  

l1,2	  =	  l2,1	  

l2,3	  =	  l3,2	  

l1,2	  ≠	  l2,1	  

l2,3≠	  l3,2	  

Definitions and Notations II – Nodes and Links 

•  Node is usually referred by its order 𝑖 in the set 𝑁.  
•  Link is defined by a couple of nodes 𝑖, 𝑗 𝑒𝑖,𝑗 

Number of edges 𝐾 - at least 0, at most 𝑁(𝑁−1)/2  
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n1	  

n3	  

n4	  

n6	  

n7	  

n2	  

n5	  

The	  Structure	  

Definitions and Notations III – Subgraph 

•  A subgraph 𝐺’=(𝑁’, 𝐸’) 𝑜𝑓 𝐺=(𝑁, 𝐸)  
•  N’ N and E’ E 
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Walk, Trail, Path  

•  Walk from the node   to node  is a sequence of nodes and edges 
that begins in the node  and ends in the node . 

•  Trail is a walk, where no edge is repeated. 
•  Path is a walk, where any node is visited more than once 

n1	  

n2	  

n3	  

n4	  

n5	  



navy.cs.vsb.cz	  51	  

Node Degree 

•  Number of edges incident with the node 

•  Directed graph  
–  Outgoing links 

–  Ingoing links 
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Shortest Path, Diameter,  
Average Shortest Path 

•  All the shortest paths of the graph 𝐺 are represented as a matrix 𝐷, 
where the entry 𝑑𝑖𝑗 is the length of the geodesic from node 𝑖 to node 
𝑗.  

•  The maximum value of 𝑑𝑖𝑗 is called diameter of the graph 𝐷𝑖𝑎𝑚(𝐺)  
•  Average shortest path:  

𝐿=   1/𝑁(𝑁−1) ∑𝑖,𝑗∈𝑁,  𝑖≠𝑗↑▒𝑑𝑖𝑗 	  
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Average Shortest Path - Problems 

•  Disconnected components  
•  Solutions:  
•  Limit the summation only to couples belonging to the largest 

connected component.  
•  Consider harmonic mean of geodesic lengths and to define  
•  so‐called efficiency of graph 𝐺:  

𝐸= 1/𝑁(𝑁−1)   ∑𝑖,𝑗∈𝑁,  𝑖≠𝑗↑▒1/𝑑𝑖𝑗  	  
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Node Betweeness 

•  Standart measure of the node centrality 
•  Betweeness  is defined: 
 
 
 
Where njk is the number of the shortest paths connecting j and k and 
njk(i) is the number of shortest paths connecting j and k passing 
through i. 
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Eigenvector Centrality 

•  Measure of the influence of a node in a network (Google’s 
PageRang) 

•  Assigns relative score to all nodes in the network 

•  𝐴 = (𝑎𝑣,𝑡) … adjacency square matrix  
•  𝐴𝑣,𝑡=1 if vertex v is linked to vertex t 
•  𝑀(𝑣) … Set of neighbors of the vertex v 
•  𝜆 …constant 
•  𝑣 … eigenvector 

xv	  =	   1/𝜆 ∑𝑡∈𝑀(𝑣)↑▒xt=1/𝜆 ∑𝑡∈𝐺↑▒𝑎𝑣,𝑡𝑥𝑡    	   𝐴𝑣=𝜆𝑣	  
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Hubs and Authorities 

•  In directed graph 
•  Refinement of input and output degree 
•  Good authority = pointed to by many good hubs 

•  We count incoming lines, but it is also important from whom the lines are 
coming 

•  Good hub = points to many good authorities 
•  The same situation like by authorities, but here we consider output 

degree 
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Hubs and Authorities - Equations 

•  An authority weight 

•  A hub weight 

–  𝑥(𝑣) … authority weight of vertex v 
–  𝑦(𝑣) … hub weight of the vertex v 
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PageRank 

•  Algorithm using to rank websites in their search engine results 

–   𝐵_𝑎 … set of links reffering to 𝑎 
–  𝑁_𝑢 … number of links reffering from 𝑢 

–  c… is normalizing factor 

–  E(a)… source of rank 
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Clustering (Transitivity) I 

•  Transitivity ratio 
•  T = Number of closed triplets/number of connected troplets of 

vertices in G 
•  Local clustering coefficient 𝐶 for directed graph 

𝐶𝑖=   |{𝑒𝑗𝑘:𝑣𝑗,  𝑣𝑘∈𝑁𝑖,  𝑒𝑗𝑘  ∈𝐸}|/𝑘𝑖(𝑘𝑖−1) 	  
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Clustering (Transitivity) II 

•  Local clustering coefficient 𝐶 for undirected graph 

•  Ejk … link connected vertices j and k 
•  N … set of vertices 
•  E … set of edges 
•  ki … number of neighbours of vertices vi 
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i	  

C	  =	  1	  

i	  

C	  =	  1/3	  

Clustering (Transitivity) III 
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Weighted Clustering Coefficient 

•  Useful for weighted graphs 

•  The weights of the edges are incorporated 

•  Many ways how to compute the weighted clustering coefficients 

•  All equations of the weighted clustering coefficients are not proper 
for all cases 
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Weighted Clustering Coefficient – History I 

•  2004 - The architecture of complex weighted networks 
•  2005 - Intensity and coherence of motifs in weighted complex networks 

•  A general framework for weighted gene co-expression network analysis 

•  2007 - Korean university life in a network perspective: Dynamics of a 
large aliation network 

J.	  P.	  Onnela	  et	  al.	  
B.	  Zhang	  et	  al.	  

2004	   2005	  

A.	  Barrat	  et	  al.	  

P.	  Holme	  et	  al.	  

2007	  
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Weighted Clustering Coefficient – History II 

•  A. Barrat et al. 

•  J. P. Onnela et al. 

•  B. Zhang et al. 
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Weighted Clustering Coefficient – History III 

•  P. Holme et al. 

•  𝑤 – denotes the edge weight, where 𝑖 and 𝑗 are the indexes of the 
nodes connected by the edge  

•  max(𝑤) – is the maximal weight in the graph  
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Community Structures 

•  Subgraph 𝐺’(𝑁’, 𝐸’), whose nodes are tightly connected, i.e. 
cohesive  

•  All pairs of community members choose each other  
•  Clique – subset of nodes, all are adjacent to each other  
•  𝒏 – clique maximal sub-graph, where the largest geodesic  
•  distance between any two nodes in not greater than 𝑛  
•  Different class of defini1ons is based on the rela1ve frequency of 

links.  
•  Groups of nodes within which connections are dense and between 

which connections are sparser.  



navy.cs.vsb.cz	  67	  

Based	  on	  defini]on	  of	  the	  clique	  

The Cliques  



navy.cs.vsb.cz	  68	  

Cliques of Fixed Size 

•  1978 – the graph contains a triangle if and only if its  adjacency matrix and 
the square of the adjacency matrix contain nonzero entries in the same cell 
=> fast matrix multiplication teChniques such as Coppersmith-Winograd 
algorithm can be applied 

•  1985 – algorith for finding triangles in graph 
•  1994 – improvement of Coppersmith-Winograd algorithm by usins fast matrix 

multiplication  

1978	  

Chiba	  &	  Nishizeki	  

1985	  

Itai	  &	  Rodeh	  

1994	  

Alon,	  Yuster	  &	  Zwik	  
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1965	  

Moon	  &	  Moser	  

1973	  

Bron	  &	  Kerbosch	  

Tsukiyama	  et	  al.	  

1977	   1978	  

Chiba	  &	  Nishizeki	  

1985	   1988	  

Johnson	  &	  Yannakakis	  

2004	  

Makino	  &	  Uno	  
Itai	  &	  Rodeh	  

Listing all Maximal Cliques 
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The Cliques – How to Find Them Efficiently? 



navy.cs.vsb.cz	  71	  

Bron-Kerbosch Algoritm (1973) I 

•  Set compsub 

•  Set not 

•  Candidates 

•  Selected candidate 

•  Not considered nodes 

C	  

S	  
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Bron-Kerbosch Algoritm (1973) II 

•  There are no candidates anymore 

•  There are no nodes in the Set NOT  
(the recent clique is not maximal) 
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Bron-Kerbosch Algoritm (1973) III 

•  Let the not set consist of one node (the extension leading to the 
clique seen before) 

•  Three nodes in compsub (known part of clique) 

•  Two candidates left 

CC
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C	  S	  

Bron-Kerbosch Algoritm (1973) IV 

•  Select candidate 
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C	  S	  

The	  Structure	  

Bron-Kerbosch Algoritm (1973) IV 

•  Select candidate 
•  Add it to compsub 
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C

Bron-Kerbosch Algoritm (1973) IV 

1.  Select candidate 
2.  Add it to compsub 
3.  Compute new andidates and Set NOT for the next recursion step 

(but store the old sets) by removing the  
nodes not connected to the  
selected candidate 

4.  Start at 1 with the new sets   
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C

Bron-Kerbosch Algoritm (1973) V 

5.  Back from recursion, restore the old sets and add the candidate 
selected before to the Set NOT 
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Community Structures III 

•  Based on relative frequency of the links in the graph   



Topology of Real Networks 
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Small-World Network - History 

•  1909 – Six degree separation idea 
•  1950 – Manuscript  „Contacts and Influences“  
•  1967 – S. Milgram’s experiment with the letters 
•  1998 – The first model of small-world network 

1909	  

F.	  Karinthy	  
M.	  Kochen	  &	  	  I.	  De	  Solo	  Pool	  

1950	  

S.	  Milgram	  

1967	   1998	  

D.	  J.	  WaXs	  &	  	  
S.	  Strogatz	  
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Cauchy	  Distribu]on	  

Small-World Network - Example 
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Small-World Network - Basic Properties 

•  Most nodes are not neighbors of one another  
•  Most nodes can be reached from every other by a small number of 

hops or steps  
•  Network where the typical distance 𝐿 between two randomly chosen 

nodes (the number of steps required) grows proportionally to the 
logarithm of the number of nodes 𝑁 in the network  

𝐿  ∞log 𝑁 	  
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Small-World Network - Next Properties 

•  Tend do contain cliques and near-cliques 

•  High clustering coefficient 

•  Most pairs of nodes are connected by at least one short path 

•  Over-abundance of hubs  

•  Flat-tailed distribution 
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Small-World Network - Quantifying 

•  Coparing clustering and path length of a given network to an equivalent 
random network with the same degree distribution. 

•  Utilization of the original definition of the small-world network comparing the 
clustering of a given network to an equivalent lattice network and its path 
length to an equivalent random network 
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Scale-Free Networks – History  

•  1965 – Citations network among scientific papers  
•  1976 – Mechanism explaining occurance of power laws in cictation 

networks 
•  1999 – Mapping of the topology of a portion of the World Wide Web 

1965	  

D.	  De	  Solla	  Price	  

1976	  

D.	  De	  Solla	  Price	  

A-‐L.	  Barabási	  

1999	  
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Powered-‐low	  distribu]on	  

Scale-Free Networks - Example 
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Scale-Free Networks - Basic Properties 

•  Degree distributuon follows a power low  
•  The fraction 𝑃(𝑘) of nodes in the network having 𝑘 connections to 

other nodes goes for large values of 𝑘 as:  

𝑃(𝑘)~ 𝑘↑−𝛾 	   …	  typically	  in	  range	  2	  <	  	  	  	  	  <3	  
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Scale-free networks  - Properties I 

•  Relative commonness of vertices with a degree that greatly exceeds 
the average 

•  Major hubs are closely followed by smaller one 

•  Smaller hubs are followed by other nodes with smaller degree etc. 

•  Fault tolerant behavior 

•  Hubs are strength and a weakness of a scale-free networks 
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Scale-free networks - Properties II 

•  Clustering coefficient distribution decreases as the node degree 
increases 

•  Consequence:  

•  Low – degree nodes belong to very dense sub-graphs and 
those sub-graphs are connected to each other through hubs 

•  The diameter of a growing scale-free network might be considered 
almost constant 
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Comparison 

Small-worl network               Scale-free network 
 



Evolutionary Dynamics and Complex 
Networks 
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a	  

r1	  

r3	  

r2	  

L	  

i4	  

i1	  

i3	  

i2	  

EAs Build CNs 

•  Differential evolution 
•  Genetic algorithms 

•  Out-degree 
•  How often individual helped to improve 

 another one 

•  SOMA  
•  Particle Swarm 

•  In-degree 
•  How often individual becomes Leader  

(individual with the best position)  

 



Differential Evolution and Complex 
Networks 
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2	  

1	   4	  

3	  

5	  

7	  

8	  

9	  

10	  6	  

Differential Evolution CN 
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3

2

4

1

5

•  Individual	  1	  is	  improved	  with	  the	  
help	  of	  individuals	  2,	  3	  and	  4	  

•  The	  good	  genome	  of	  the	  
individual	  1	  will	  be	  given	  to	  the	  
individual	  5	  and	  so	  on.	  

Differential Evolution CN 
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Differential Evolution CN 

•  Individuals are modeled by the nodes 

•  Relationships between individuals are modeled by the edges 

•  The edge is created only in the case that the parents improve the 
target vector 

 
We are able to record the situation when good genomes are spread to 

the whole population. 
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DE Analysed Properties 

•  Node degree 

•  Clustering coefficient 

•  Shortest path 

•  Closeness centrality 

•  Betweeness centrality 
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DE/rand/1/bin - Analysis 
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DE/rand/1/bin - Analysis 
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DE/rand/1/bin	  

DE/best/1/bin	  

DE/rand/1/bin - Analysis 
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DE/rand/1/bin – Analysis 
Differences Between Weighted Clustering Coefficients 

•  DE/rand/1/bin 
–  3 randomly selected individuals for each target vector in the 

actual generation 

•  DE/best/1/bin 
•  2 randomly selected individuals for each target vector 
•  1 individual with the best fitness for each target vector in the 

actual generation 

The best individual in DE/best/1/bin is the reason why 
the weighted clustering coefficient is higher 
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Convergence Speed 
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Convergence Speed 

Weighted clustering coefficient might improve the convergence speed 
•  DE/best/1/bin – The best individual = individual with the best 

fitness value 
•  DE/best/1/bin is not very successful in continuous multimodal 

functions  
•  DE/rand/1/bin based on the weighted clustering coefficient 

– The best individual is the individual with the highest weighted 
clustering coefficient 
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Convergence Speed 

DE/rand/1/bin enhanced by the weighted clustering coefficient 
•  DE/rand/1/bin –  for each target vector three parents are selected  

randomly 
•  Enhanced DE/rand/1/bin – for each target vector three parents 

are selected on the basis of the weighted clustering coefficients 
•  The individuals with the highest weighted clustering coefficient have 

the highest chance to become the parents 
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To	  make	  a	  fair	  comparison,	  the	  Wilcoxon	  singed-‐rank	  test	  at	  the	  	  level.	  

DE/rand/1/bin vs. Enhanced DE/rand/1/bin 
21 Yao‘s benchmark 
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To	  make	  a	  fair	  comparison,	  the	  Wilcoxon	  singed-‐rank	  test	  at	  the	  	  level.	  

DE/rand/1/bin vs. Enhanced DE/rand/1/bin 
21 Yao‘s benchmark 
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DE/rand/1/bin vs. Enhanced DE/rand/1/bin 
RESULTS - 21 Yao‘s benchmark 

•  DE/rand/1/bin vs. enhanced DE/rand/1/bin  
–  +  8 
–  =  8 
–  - 5 
–  For enhanced DE/rand/1/bin 

•  DE/best/1/bin vs. enhanced DE/rand/1/bin  
–  +  14 
–  =  5 
–  -   2 
–  For enhanced DE/rand/1/bin 
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Enhanced DE/rand/1/bin Compared With the 
Next DE 

•  The newest versions of DE are tested in the paper:  
–  Differential Evolution Dynamic Analysis by Complex Networks 
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Want	  to	  Know	  More?	  

•  Statistical mechanics of complex networks, Reka Albert, Albert-
Laszlo Barabasi Reviews of Modern Physics 74, 47 (2002) cond-
mat/0106096 

•  The structure and function of complex networks, M. E. J. Newman, 
SIAM Review 45, 167-256 (2003) cond-mat/0303516 

•  Evolution of networks, S.N. Dorogovtsev, J.F.F. Mendes, Adv. Phys. 
51, 1079 cond-mat/0106144 

•  Evolution and structure of the Internet: A statistical Physics 
Approach, R. Pastor-Satorras, A. Vespignani Cambridge University 
Press, 2004. 

•  Evolution of networks: from biological nets to the Internet and 
WWW, S.N. Dorogovtsev, J.F.F. Mendes, Oxford Univ. Press, 2003. 
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Want	  to	  Know	  More?	  

•  Scale-free networks, G. Caldarelli, Oxford Univ. Press, 2007. 
•  Complex networks: structure and dynamics, S. Boccaletti et al. 

Physics Reports 424, 175-308 (2006). 
•  Dynamical processes on complex networks, A. Barrat, M. 

Barthélemy, A. Vespignani Cambridge Univ. Press, 2008. 
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Conclusions 

•  xxxx 
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THANK YOU FOR YOUR ATTENTION 

ivan.zelinka@ieee.org 
www.ivanzelinka.eu  
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Copyright 

This didactic material is meant for the personal use of the student only, 
and is copyrighted. Its reproduction, even for a partial utilization, is 
strictly forbidden in compliance with and in force of the law on Authors 
rights.   
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